To clarify observational consequence of bubble nucleations in inflationary era, we analyse dynamics of a spherical domain wall in an expanding universe. We consider a spherical shell of the domain wall with tension σ collapsing in a sphericallysymmetric dust universe, which is initially separated into the open FriedmannLemaître-Robertson-Walker universe inside the shell and the Einstein-de Sitter universe outside. The domain wall shell collapses due to the tension, and sweeps the dust fluid. The universe after the collapse becomes inhomogeneous and is described by the Lemaître-Tolman-Bondi model. We construct solutions describing this inhomogeneous universe by solving dynamical equations obtained from Israel's junction conditions applied to this system. We find that a black hole forms after the domain wall collapse for any initial condition, and that the black hole mass at the moment of its formation is universally given by M BH ≃ 17σ/H hc , where H hc is the Hubble parameter at the time when the shell radius becomes equal to the Hubble radius. We also find that the dust fluid is distributed as ρ ∝ R 3/2 near the central region after the collapse, where R is the area radius. These features would serve as observational evidence of a spherical domain wall generated in the early universe. * Electronic address: N.Tanahashi@damtp.cam.ac.uk † Electronic address: yoo@gravity.phys.nagoya-u.ac.jp 2
I. INTRODUCTION
The inflationary paradigm [1] [2] [3] [4] is one of crucial pieces in cosmology, and recent developments in observational cosmology enabled us to study its features based on precision measurements. For instance, the Planck Collaboration reported that some of phenomenological inflationary models are excluded at high confidence levels [5] . However, there are still a lot of inflationary models that are consistent with current observations, and it is important to clarify observational features of those models to discriminate them.
Some inflationary models are based on plausible theories of high energy physics, such as the superstring theory and its low-energy effective theories. The string landscape scenario is one of important concepts to discuss nature of the inflationary vacua in this class of models. In this scenario, quantum tunnelling is a key ingredient to create inflationary phase of our universe. Such a quantum tunnelling results in a bubble nucleation during inflation, and it may cause a multi-stream inflation [6, 7] whose signature would be observed in the CMB sky [8] . The membrane nucleation in the context of the axion monodromy inflation [9, 10] may provide another realization of the multi-stream inflationary model.
Let us consider a bubble nucleation with a spherical domain wall during inflation. Supposing that the regions inside and outside the domain wall are approximated by de Sitter solutions with different values of the cosmological constant, we can apply the membrane nucleation process proposed in Refs. [11, 12] . In this process, the system is separated into two vacuum regions by a spherical domain wall at the moment of the bubble nucleation. The value of the cosmological constant corresponds to the potential height in each region, and the interior region has lower energy density compared to the exterior inflationary universe. The domain wall becomes super-horizon size soon after the nucleation, and after the inflation end it comes back to our horizon and starts to collapse due to its tension. In this paper, we analyze dynamics of such a domain wall shell just before and after it enters our horizon. Here, we assume that the domain wall shell survives without decaying even after the inflation, and that there is no interaction other than the gravitational one between the shell and matter fields during the collapse.
The collapsing domain wall will induce inhomogeneity to the background matter, and it would be an important observational feature of this system. In general, the spacetime and matter after the shell collapse will be disturbed not only by the gravitational interactions but also by the sound wave emitted from the shell, and it would be difficult to study their dynamics without resorting to numerical simulations. To circumvent this difficulty, as a first step, we concentrate on a matter-dominated era and treat the matter component as dust fluid, for which the sound speed vanishes. Then, the spherically-symmetric inhomogeneous universe can be analytically described by the Lemaître-Tolman-Bondi (LTB) solution. This assumption puts a restriction on the applicable scope of our analysis. Since the bubble must enter the horizon during matter-dominated epoch, the domain wall size at the horizon crossing must be larger than 100 Mpc comoving scale as long as we apply it to the late matterdominated era. Our analysis can be applied also to the matter-dominated era between the inflation end and the radiation-dominated era, if such an era exists, and the restriction on the domain wall size mentioned above could be avoided in this case.
Based on the discussions above, we study a spherical domain wall collapsing in a dustdominated Friedmann-Lemaître-Robertson-Walker (FLRW) universe. The spacetime region swept by the domain wall becomes inhomogeneous and is described by the LTB solution. The region outside the initial comoving radius of the domain wall is not influenced by the domain wall collapse and is described by the Einstein-de Sitter (EdS) universe. Throughout this paper, we treat the domain wall as a thin shell with tension, that is, a shell with energymomentum tensor equal to the induced metric multiplied by a constant coefficient. Applying Israel's junction conditions [13] to the shell, we obtain a set of ordinary differential equations to fix the shell trajectory and the inhomogeneity in the LTB region. We numerically solve these equations and figure out properties of the inhomogeneity. We also find that a black hole forms at the center of the system in the final stage of the collapse, and study its properties. This paper is organised as follows. After reviewing Israel's junction conditions briefly in section II, we apply them to our system in section III. A set of ordinary differential equations for the shell trajectory and the LTB functions are derived in section IV, and initial conditions for these equations are described in section V. Results are listed in section VI. Section VII is devoted to a summary.
In this paper, we use the geometrised units in which the speed of light and Newton's gravitational constant are one.
II. JUNCTION CONDITIONS WITH SPHERICAL SYMMETRY
We consider a 3-dimensional spacelike or timelike hyper-surface Σ embedded in a 4-dimensional spacetime (M, g µν ). To fix our notation, we start with a brief review of Israel's junction conditions [13] and their application to a system with spherical symmetry [14] . For convenience, we first define the following brackets:
where we put subscripts ± to denote the value on each side of the hypersurface Σ. We also use the expression A defined by
A. Junction conditions
Letting s µ be unit normal form to Σ, we can define the induced metric h µν and the extrinsic curvature K µν as
where D µ is the covariant derivative on Σ and ǫ = +1 (−1) when Σ is spacelike (timelike). Then, the junction conditions are expressed as follows:
• Second junction condition
where S µν is the energy momentum tensor of matter fields on Σ and S = h µν S µν .
• Shell equation of motion
where T µν is the energy momentum tensor in the region M − {Σ}. As is shown in Ref. [15] , the left-hand side of this equation can be divided into (shell inertia) × (shell acceleration) and the surface pressure term, while the right-hand side can be regarded as the net normal pressure on the surface from the outside. This equation is thus interpreted as the shell equation of motion.
• Shell energy conservation
This equation can be derived by integrating the energy conservation law for the sum of T µν and S µν in the vicinity of the shell. The right-hand side corresponds to the energy-momentum flux into the shell from its surroundings.
B. Spherically-symmetric spacetime and a shell
In this subsection, we apply the junction conditions summarised above to a sphericallysymmetric spacetime and a shell. Hereafter, we assign a subscript + (−) to variables in the region outside (inside) the shell. General spherically-symmetric line elements can be written as
We consider the motion of a spherical shell in this spacetime described by
where τ is the proper time associated with the shell trajectory in the radial direction. The coordinate components of the radial tangent vector v µ is given by
where the dot (˙) denotes a derivative with respect to τ .
We restrict the form of the energy momentum tensors T µν ± and S µν to the perfect fluid type, that is,
where u µ ± , ρ ± , p ± , σ and ̟ are the fluid four-velocity, energy density, pressure, shell surface density and surface pressure, respectively.
Substituting these expressions into the junction conditions (7)- (9), we obtain the following 4 nontrivial equations for the spherically-symmetric shell [14] :
• (τ, τ ) component of the second junction condition
III. SHELL IN A DUST-DOMINATED UNIVERSE
Based on the junction conditions for a spherically-symmetric spacetime, we consider dynamics of a domain wall shell in a dust-dominated FLRW universe assuming spherical symmetry. Due to the Ricci focusing effect of the shell, the expansion rate of the dust particle trajectories becomes smaller after the shell intersects them. This effect makes the density distribution of the dust fluid inhomogeneous in the shell exterior region, and the resultant inhomogeneous universe is described by the LTB model. We introduce geometric descriptions of this system below.
A. Shell interior: FLRW universe
The shell interior region is filled by the FLRW universe with the metric given by
where
Time evolution of the scale factor a(t − ) is described by the Friedmann equations:
where we have omitted the subscript − of t − in ∂ t a and ∂ 2 t a for notational simplicity. The energy-momentum tensor of the dust fluid is given by
B. Shell exterior: LTB model
The spacetime outside the shell is described by the LTB model, whose metric is given by
where k(r) is an arbitrary function. For this metric ansatz, the Einstein equations can be reduced to
where ∂ t R := ∂ t + R, and M(r) is related to the dust energy density in this spacetime as
where we have defined m(r) = 6M(r)/r 3 . The solution for Eq. (25) is given by
t B (r) is an arbitrary function that determines the big-bang time, and S(x) is a function defined implicitly as
and S(0) = (3/4) 1/3 . The function S(x) is analytic for x < (π/3) 2/3 . Some characteristics of the function S(x) are given in Refs. [16, 17] . The arbitrary functions k(r), m(r) and t B (r) will be determined according to the junction conditions at the shell.
C. Shell trajectory
A spherically-symmetric shell is separating the interior FLRW region and the exterior LTB region in our setup, and its trajectory is described by Eqs. (11) and (12) in general spherically-symmetric coordinates. We summarise their expressions in the coordinates introduced in the previous sections.
The shell trajectory is described by the coordinates inside and outside the shell as
where τ is the proper time on the shell along the radial direction. The radial tangent vector v µ ± in each coordinate is given by
From the normalisation condition v
We show a schematic of the system and summarise the geometric quantities in Fig. 1 .
A schematic of our setup. The shell collapses in the dust-dominated FLRW universe, and the spacetime region after the shell collapse becomes inhomogeneous and is described by the LTB solution. The region outside the initial comoving radius of the shell r 0 is not influenced by the shell collapse and kept to be the EdS universe.
We also introduce the unit radial vector s µ ± normal to the shell, whose components are
and (s
Using the normal vector s µ ± , the induced metric h ± µν is defined by
Since the first junction condition requires h
as the unique metric on the shell.
Motivated by the bubble nucleation scenario discussed in the introduction, we restrict the form of the shell energy momentum tensor S µν to the pure tension type, that is,
with σ being a constant.
IV. EVOLUTION EQUATIONS ALONG THE SHELL TRAJECTORY
The shell trajectory and the arbitrary functions of the LTB model are determined by solving the junction conditions and the Einstein equations, which are summarised in sections II and III. We rewrite those basic equations into the form amenable to numerical integration.
Hereafter, we consider 9 "dynamical" variables with respect to the time coordinate τ : t
We regard m, k and t B as functions of τ rather than r s , and we omit the arguments of the functions and superscript "s" for notational simplicity unless it is misleading. We firstly fix the gauge freedom in r by imposing the gauge condition (43), and then describe the evolution equations obtained from the basic equations.
• Gauge condition on r
We assume that this equation is satisfied along the shell trajectory. We frequently use this equation to simplify the expressions below. As shown in Ref. [18] , this condition can be rewritten as
This equation is regarded as a dynamical equation since it contains derivative terms of dynamical quantities. The gauge freedom in r is fixed by this dynamical equation once its initial value, which will be specified later, is given.
• First junction condition (6) af = R.
Since this equation does not have any derivative of a dynamical quantity, it can be regarded as a constraint equation. Total differential of this equation with respect to τ gives another constraint equation as
This equation does not have any derivatives of dynamical variables, and thus it is regarded as a constraint equation.
-(τ, τ ) component (16)
• Shell equation of motion (17)
• Shell energy conservation (18)
• Dynamical equations for t 
Up to this point, we have found 8 dynamical equations ( (44), (52), (57), (58), (59), (60), (61)) and 3 constraint equations ((49), (50), (51)) in total.
From the constraint equations (49), (50) and (51), we obtain the following expressions:
Using Eqs. (63), (64) and the gauge condition (43), the Einstein equation (25) can be recast into the following form:
The left-hand side is the quasi-local mass of the spacetime measured at the shell location on the outer side of it. In the right-hand side, this mass is decomposed into two terms, where the first one originates from the dust energy density ρ − contained inside the shell while the second one originates from the shell surface energy density σ. In the bubble nucleation scenario, the energy density inside the bubble decreases from that outside the bubble, and the energy deficit is converted into the shell surface energy. Equation (65) can be interpreted as an equation describing such a compensation of energy deficit by the shell surface energy. Using Eqs. (44), (52), (57), (58), we can obtain expressions forṁ,k,ṫ B andẏ in terms oḟ w and quantities without derivatives. Using these expressions and the constraint equations, we can show that Eqs. (50) and (51) are kept satisfied as long as they are satisfied at the initial time (see Appendix B). Since only 8 dynamical equations are independent while there are 9 dynamical variables, we need another equation to determine their time evolution. In this paper, we impose the following condition on the four-velocity of the dust fluid:
This condition prescribes that the dust particles pass through the shell without friction, that is, there is no interaction between dust particles and the shell except for the gravitational one. This equation can be derived also from a requirement that the energy-momentum of the dust fluid and that of the shell are conserved individually. Equation (9) 
Also, differentiating Eq. (66), we obtain an additional dynamical equatioṅ
In summary, we obtain 4 independent constraint equations and 9 independent dynamical equations for 9 variables t ± , χ, r, y, w, k, m, t B . There are several trivial relations between these variables, and thus we do not need to solve all of the dynamical equations. For example, since
follows from Eq. (66), we obtainṫ
In the following, we rewrite the dynamical equations to the form convenient for numerical integration. First, we rewrite all the equations taking (66) into account. Equations (63) and (64) can be rewritten as
Equations (44), (52), (57) and (58) can be rewritten respectively as
From these equations and Eq. (68), we obtaiṅ
These equations and Eqs. (59), (60) and (61) 
For our purpose, it is better to use t − or the scale factor a as the variable to parametrise the shell trajectory instead of the proper time τ , because τ degenerates if the trajectory approaches a null trajectory. t − is obtained from the integral of Eq. (21) with respect to a as
and we have set K = −1, which holds in cases we are interested in as we see in section V. Below, we use the scale factor a as the independent variable based on these equations. To summarise, we solve the following 4 differential equations in practice:
and determine the other variables using the equations derived above.
V. BOUNDARY CONDITIONS
Having clarified the evolution equations, we now need to supply the conditions on the initial time surface and at the outer boundary to determine evolution of the dynamical variables.
We assume that the shell comoving radius is not increasing at the initial time. Then, we can divide the spacetime into three domains: the dust FLRW region inside the shell, the LTB region outside the shell and the region outside the initial shell comoving radius. We assume the spacetime in this outermost region to be given by the dust-dominated flat (EdS) universe. This assumption will fix the boundary condition at the outer boundary as discussed in section V A in more detail. We also describe the conditions on the initial time surface in section V B.
A. Outer boundary
We summarise the boundary conditions on the outer boundary that separates the LTB region and the outermost EdS region in this section. We assume that there is no singular energy distribution on this boundary and that the boundary is comoving. From this requirement and the first junction condition, we find that the expansion rate must be continuous there:
where r 0 , H EdS and ρ EdS are the comoving coordinate r at the outer boundary, the Hubble expansion rate and the energy density of the EdS region, respectively. In addition, under this assumption an equation similar to (65) implies
that is, the total mass surrounded by the outer boundary must be equal to that of the EdS spacetime with the same areal radius. From Eqs. (25), (89) and (90), we obtain
B. Initial surface
We summarise the conditions to impose at the initial time surface below. Hereafter, we describe initial values by using subscript "0". We assume that the LTB region is infinitesimal at the initial time, that is,
In section IV, we assumed that the dust fluid passes through the shell without any friction, and this requirement implied at Eq. (67) that the energy density of the dust fluid is continuous at the shell location, that is,
As for the expansion rate, in Eq. (89) we showed that the LTB region and the outermost EdS region share the common value:
On the other hand, ρ +0 is not necessarily equal to ρ EdS0 , and H −0 is not necessarily equal to H 0 . To describe discrepancies of them, we introduce δ ρ and δ H as
In the bubble nucleation scenario, the energy density inside the shell is slightly lower than that outside the shell as long as the tension of the shell is positive, as we can see from Eq. (65). Then, if we take a time slice on which the Hubble parameter is uniform, the Hubble equation (21) requires the spatial curvature K must be negative. Based on this observation, we assume that the inside region is an open dust-dominated FLRW universe with K = −1 and
where b is a constant that fixes the residual gauge degree of freedom in r, which was not fixed by Eq. (43). Solutions do not depend on the value of b, while we need to choose it so that r > 0 is maintained throughout the region of interest since numerical calculation breaks down at r = 0 (see e.g. Eq. (88)). t B (0) has been set to 0 using the time-shift degree of freedom. From the Einstein equation (25), we obtain
Initial values of the variables can be expressed in terms of δ ρ and δ H as follows. From the Hubble equation (21), we obtain 1 a
where we have used H 2 0 = 8πρ EdS0 /3. From the first junction condition (49), we obtain
Integrating the Hubble equation (21) with respect to a, we find the initial time inside the shell t −0 to be
while the integral of Eq. (26) with respect to R fixes that for the shell exterior region t +0 as
The values of y 0 , δ ρ , δ H and σ must be fixed so that constraint equations (71) and (72) are satisfied. At the initial time, these equations can be written as
Solving these equations for σ and y 0 , we obtain
For a real solution of σ to exist, the following inequality must be satisfied:
We can also solve Eq. (105) for δ ρ as follows:
Only three parameters are independent among R 0 H 0 , σ/H 0 , δ H and δ ρ . In the next section, we specify R 0 H 0 , σ/H 0 and one of δ H or δ ρ as the input parameters, and determine the other one in terms of the others using the equations above.
VI. RESULTS
A bubble nucleation naturally realizes the interior region whose energy density is slightly lower compared to the exterior region. Below, we focus on the cases in which the Hubble parameter is uniform on the initial time slice, that is, δ H = 10 −8 . This condition implies y = w = 0 at the initial time as we can see from Eq. (108), and thus r derivatives of physical quantities, e.g., ∂ r m =ṁ/w, cannot be numerically calculated there. Therefore, in our calculation we set very small but finite value δ H = 10 −8 . We confirmed that the numerical results are insensitive to its precise value as long as it is sufficiently small. We examine also the δ ρ = 0 case in Appendix A.
Before showing the results, we define H hc as the Hubble parameter at the horizon crossing when the shell area radius R(t s + , r s ) satisfies
The Hubble radius is given by 1/H hc . We regarded R 0 H 0 and σ/H 0 as the independent parameters in the initial data construction, but it turns out that the analysis is simplified if we regard the value of σ/H hc as one of the controlling parameters. Therefore, for each value of R 0 H 0 , we have tuned the value of σ/H 0 so that the desired value of σ/H hc is realized. Values of σ/H 0 and labels for each model are summarised in Table I . shows σ/H 0 for which σ/H hc takes the value specified in the top row when R 0 H 0 is fixed to the value shown in the leftmost column. We summarise the time dependence of the shell and dust fluid motion in Fig. 2 . In every case, a black hole forms as a result of the shell collapse. We can see also that the cases with common value of σ/H hc share almost the same time dependence. This feature can be observed also in the value of black hole mass M BH at the black hole formation time as shown in Fig. 3 . For all values of R 0 H 0 , the black hole mass at the formation time is roughly given by
After the shell collapse, the dust fluid in the LTB region falls into the black hole as shown in Fig. 2 , and the black hole mass increases with time as a result. Since only the dust in the LTB region can fall into the black hole, the maximum value of the black hole mass is equal to the initial total mass of the shell and the dust in that region given by
The time evolution of the black hole mass is shown in Fig. 4 . When σ/H hc ≪ 1, the time evolution is controlled only by the parameter σ/H hc . This plot also indicates that the black hole mass grows obeying a power law in the time domain shortly after the shell collapse before the mass approaches the maximum value (113). Fitting the numerical data of the horizon radius to a function ∝ t p over t + H hc ∈ [50, 500], we find p = 0.685 and 0.680 for the cases R2-1 and R2-2, respectively. We can find good agreement also between these power-law functions and the data for different values of R 0 H 0 (R3-1, R3-2, R4-1, R4-2). It would be interesting to confirm if this behavior is a universal one, and if it is the case this behavior may provide interesting observational implications. For example, we can estimate the time scale for the dust in the LTB region to be completely swallowed by the black hole based on this behavior.
Let us focus on the density profile outside the black hole. Since the results do not significantly depend on the value of R 0 H 0 , we show our results for only R 0 H 0 = 2 cases. In Fig. 5 , we show the density profile in the LTB region at t + H hc = 3.0, 23, 47, 233 for R 0 H 0 = 2. From this result we find
This density profile is expected to be realized around a black hole. It may be a significant observational evidence of the relic of the spherical domain wall collapse.
VII. SUMMARY AND DISCUSSION
In this paper, we have analysed spherical domain wall collapse in a dust-dominated universe. An under-dense region is surrounded by a spherical domain wall, and the spacetime region outside the domain wall is described by the LTB solution which is made inhomogeneous due to gravitational interaction with the collapsing domain wall. This system is supposed to be a relic of a bubble nucleation during the inflation. Applying Israel's junction conditions to this system, we derived ordinary differential equations for the shell trajectory and the inhomogeneity in the LTB region. Numerically solving these equations, we found that a black hole forms as a consequence of the shell collapse for any initial condition. We also found that the mass of the black hole at its formation is given by M BH ≃ 17σ/H hc , where σ and H hc are the shell tension and the Hubble parameter at the moment of the horizon crossing of the shell. The matter density ρ in the LTB region near the central region shows a characteristic behavior ρ ∝ R −3/2 , where R is the area radius. From the formula M BH ≃ 17σ/H hc , the black hole mass at its formation is estimated as
If we consider the GUT scale for σ and a bubble whose size at the horizon crossing is 100 Mpc comoving length, applying the above formula to the late matter-dominated era, we obtain a tremendously large black hole mass (M BH ∼ 10 50 M ⊙ ). To make a black hole with a realistic mass 10 6 M ⊙ from a bubble of 100 Mpc comoving scale, we need (σ 2 ) 1/3 ∼ 10 GeV. This value of σ is much smaller than the energy scale of typical inflationary model with bubble nucleation, although it is still higher than the BBN energy scale. If there were any matter-dominated epoch in the early universe before the matter-radiation equality, however, the bubble scale at the horizon crossing could be smaller than the value above. Black holes with realistic mass could be formed due to the bubble collapse in such a case. It would be interesting to analyse a bubble collapse in the radiation-dominated epoch, since bubbles of smaller scale enters in the horizon in this epoch. Such small-scale bubbles could form black holes with realistic mass as long as they collapse to sufficiently small size. To examine such a scenario, we would need to solve the dynamics of sphericallysymmetric spacetime and matter fields numerically. This analysis is an important future work that would also provide further observational features of the bubble nucleation in the early universe.
We summarise the results for the δ ρ = 0 cases in this appendix. The parameter sets and their labels are listed in Table II . The results for this case turn out to be parallel to those in the δ H = 10 −8 case. Figure 6 shows the trajectories of the shell and dust fluid, and their qualitative behaviors are similar to those in the δ H = 10 −8 case shown in Fig. 2 . Figure 7 shows the time evolution of the black hole mass after the collapse. Fitting the numerical data to a function ∝ t p + over t + H hc ∈ [50, 500], we find p = 0.668 and 0.720 for the cases R2-1-ud and R2-2-ud, respectively. This fitting formula appears to be consistent also with the other results (R3-1-ud, R3-2-ud, R4-1-ud, R4-2-ud). These powers coincide with those in the δ H = 10 −8 cases within 10% relative differences. Figure 8 shows the σ/H hc dependence of the black hole mass at the moment of its formation. Similarly to the δ H = 10 −8 case, the results are independent of R 0 H 0 and show the universal behavior M BH ≃ 17σ/H hc . Figure 9 shows the dust density profile in the LTB region at some moments after the shell collapse. The results do not depend on R 0 H 0 as mentioned above, and thus the results only for R 0 H 0 = 2 are shown there. We can see that the universal behavior ρ ∝ R −3/2 for the δ H = 10 −8 cases holds also for these δ ρ = 0 cases. 
where we have used ∂ 
γ + = wẇ/γ + .
We also used the fact that the differential of ∂ r R with respect to τ is calculated as
As shown in Ref. [18] , ∂ t ∂ r R can be expressed as ∂ t ∂ r R = G∂ r m + H∂ r k + I∂ r t B + J = 1 w (Gṁ + Hk + Iṫ B ) + J.
Eliminating ∂ t ∂ r R using this equation, Eq. (B2) is reduced to 
